
 
 

A simple two-parameter model for 

scaling surface runoff 

Aim 
To develop a simple model to scale runoff-ratio estimates at the hillslope 
scale (c. 1–100m length), and to determine parameters for this model for a 
range of landscape conditions. 
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The infiltration-excess runoff ratio typically declines with plot length as shown in 
the results from this 2-year study (below).  This is generally attributed to spatial 
variability in infiltration properties and/or the dynamic properties of the rainfall 
regime. 

Theory 

Model parameterization 
New field data 

Three replicates of four different length plots 2m wide and 0.5 m, 1m, 2m and 
4m in length (giving 12 plots in total) were constructed on a forested slope 
with a gradient of 20 degrees in south eastern Australia.  Surface runoff was 
collected in tanks and measured volumetrically for two years. Unpublished 
data for  2.5, 4.8 and 20m plots (Bren and Turner 1979, Ronan 1986) from 
similar forests were also included in the analysis. 
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Model development 
Suppose in the long-term a proportion of incoming precipitation reaching the soil surface P (m) becomes infiltration excess runoff at the point scale, and this pro-

portion has the annual average value β (n.d.). That is, if all rainfall-excess generated at the point-scale was instantaneously routed downslope to some lower bound-

ary, summed for the year, then the long term average of this value would be β.  This average proportion would be a function of the local rainfall properties, climate, 

soils, vegetation, etc. Let us also suppose that this does not generally occur for rainfall on soil, and in fact a unit of rainfall-excess generated at a point actually only 

travels some variable distance y before reinfiltrating, again depending on the local rainfall, climate, soils, etc. Suppose this random distance is represented by the 

random variable Y with a density function fY(y) and a cumulative distribution function FY(y).  Consider a depth of rainfall excess Pβ (m) generated at a distance x (m) 

above a lower boundary. The proportion of this unit of rainfall excess generated at x that travels beyond the lower boundary can be represented by the “survival 

function” S(x);  

 

The total amount of per unit width runoff Q (m
2
) across the lower boundary of a slope of length λ (m) may be considered the sum of all the proportions of the units of 

rainfall excess integrated from the lower boundary x=0 to the upper boundary x=λ of the slope;  

 

 

However, the distribution of Y, fY(y), is as yet unknown.  We assume here the random flowpath length Y has a Pareto Type II distribution, also known conditionally as 

the Lomax distribution.   The Lomax distribution has the advantage that it is a heavy tailed distribution, has few parameters, and is distributed over [0, ∞] and there-

fore physically consistent with the theoretically possible range of flow path lengths.   

 

 

The density function of Y is therefore; 

 

 

And the cumulative distribution function is;  

 

 

And therefore the survival function is; 

 

The mean of fY(y) is (for α>1) therefore µ/(α-1).  The parameter α controls how heavy the tail is of the Lomax density function.  Smaller values of α produce a heavier 
tail, however α needs to be greater than 1 for Y to have a mean.  Ideally α could be fitted, however it was felt that this was not justified at this time given the limited 
available data, the limited knowledge of the true distribution of y, and the fact that α is not directly physically interpretable like µ.  Fixing the value of α reduces the 
number of fitting parameters in the model from 3 to 2.  The value of α was therefore fixed, and set at a value of 2, as this provides for a simple analytic result from the 

integration in Equation 2, and results in the Lomax distribution parameter µ representing the mean travel distance of a unit of infiltration excess runoff.   

 

 

Substituting Equation 5 into Equation 2 yields the following equation for per unit width hillslope runoff Q (m
2
); 

 

 

Dividing both sides by Pλ (P>0) gives a simple expression for the non-dimensional hillslope runoff ratio Qh; 

 

Results  
The new two-parameter model was fitted to the data from this study and from 
32 datasets from the literature and the results are shown below, grouped by 
landuse type. 

Literature data 

Additional rainfall-runoff data from multi-length plot studies in the international 
literature were compiled to enable parameters β and μ to be determined for a 
range of landscape conditions. A search of the literature yielded 12 published 
studies from 1934 to 2010 with 32 data sets from plots of different length that 
could be used to determine values for the β and μ parameters.  

Discussion 
The results indicate the new hillslope runoff ratio scaling model  

fitted the available data well, and the additional scaling parameter 
improves predictions of surface runoff at the hillslope scale.  The 
parameters β and μ represent the point scale runoff ratio 
(nondimensional) and the mean flow path length (m) of a unit of 
runoff, respectively. For the range of experimental conditions the 
point scale runoff ratio parameter β varied from 0.05 to 1.00, while 
the mean runoff length parameter μ varies from 0.24 to 155m. Lo-
cations with short runoff flow paths (i.e. low values of μ) display a 
highly non-linear relationship between slope length and runoff ra-
tio.  The parameterised function enables runoff ratios to be esti-
mated for slopes of different length (i.e. allows the runoff ratio to 
be scaled).   Current investigations aim to establish ways to pre-
dict the parameter values for the model for broadly different land-
scape and climate combinations, to allow the application of the 
model in the absence of field runoff plot data. 
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The figure below shows predicted vs observed runoff ratios for the data col-
lected in this study and the 32 datasets sourced from the literature for a) pre-
dicted runoff ratios based on a simple linear extrapolation of the runoff ratio 
measured on the smallest plot, and b) predicted runoff ratios using the new 
two-parameter scaling equation.  
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